We characterize the entanglement contained in a pure three-qubit state via operational entanglement measures. To this end we derive a new decomposition for arbitrary 3-qubit states which is characterized by five parameters (up to local unitary operations). We show that these parameters are uniquely determined by bipartite entanglement measures. These quantities measure the entanglement required to generate the state following a particular preparation procedure and have a clear physical meaning. Moreover, we show that the classification of states obtained in this way is strongly related to the one obtained when considering general local operations and classical communication.
Entanglement is at the core of many of the applications of quantum information theory and quantum computation and plays a key role in the foundations of quantum mechanics. Therefore, a great amount of theoretical effort has been performed in recent years to grasp this phenomenon, in particular regarding its characterization and quantification as well as its convertibility properties [1] . Whereas bipartite entanglement is well understood, multipartite entanglement is much more subtle. In fact, our understanding of the nonlocal properties of many-body states is far from complete even in the simplest case of just three subsystems. Our knowledge of bipartite entanglement stems from the fact that in the asymptotic limit of many copies of any given state, there is a unique optimal rate at which it can be reversibly transformed into the maximally entangled state [2] . However, such an approach seems formidable in the multipartite regime [3] . Nevertheless, different classes of multipartite entangled states have been identified according to their convertibility properties [4] and several entanglement measures have been proposed like the tangle [7] , the localizable entanglement [6] , and the entanglement of assistance [4, 7] to cite a few. A fundamental property of entanglement is that it is invariant under local unitary (LU) operations. This has also led to the study of complete sets of (polynomial) invariants under this kind of operations [9] and the necessary and sufficient conditions for LUequivalence have recently been provided [10] . However, a complete classification of LU classes with operationally meaningful measures was still lacking. In this paper we solve this problem for the case of three qubits. That is, we provide a complete set of operational entanglement measures which characterize uniquely all 3-qubit states with the same entanglement properties. These measures, which are easily computable, characterize the different forms of bipartite entanglement involved in the generation of the state following a particular preparation procedure. Our results provide a physical classification of pure multipartite entanglement and, hopefully, will pave the way for new applications of many-body states in the light of quantum information theory.
After removing all the free parameters due to LU operations, two-qubit pure states have one non-local parameter: the Schmidt coefficient. It captures all the information about the entanglement of the state. For 3-qubit pure states the number of nonlocal parameters is five [11] . Thus, one would expect five measures to characterize entanglement in this case. Surprisingly, one needs to consider a set of six LU-invariants to characterize the LU-equivalence classes [5] . This is because of the counterintuitive fact that there exist states which are not LUequivalent to its complex conjugate [5, 10] (which will be taken with respect to the computational basis and will be denoted by * ). The sixth invariant is required to discriminate these states. The class of states (not) being LU-equivalent to its complex conjugate will be referred to as CLU (NCLU). The existence of NCLU states is a striking feature of multipartite entanglement which does not exist in the bipartite setting. Since complex conjugation corresponds to the redefinition of the complex unit, |ψ and |ψ * will have the same entanglement properties [10] . Thus, one cannot expect operationally meaningful measures to discriminate between these two states. However, as we will show, it is possible to identify states as CLU or NCLU by operational tasks.
The outline of the remainder of the paper is the following. First, we review some known results and introduce our notation. Then, we derive a decomposition of 3-qubit states, which is characterized by five parameters. This form leads us naturally to a physical process generating arbitrary 3-qubit states. Next, we characterize this process by five operational entanglement measures and show that these five measures together with one binary measure characterize the LU-equivalence classes of 3-qubit states (up to complex conjugation). Moreover, we show that the CLU-class can be identified by the values these measures take. Last, we show that the characterization of the LU-equivalence classes within CLU is strongly related to the characterization obtained by considering local operations and classical communication (LOCC) .
Bipartite entanglement will be measured by the Von Neumann entropy of the reduced state, E(|ψ 12 ) = S(ρ 1 ), and its convex roof extension for mixed states, the entanglement of formation E(ρ) = min {πj ,|φj } j π j E(φ j ) for ρ = j π j |φ j φ j |. For twoqubit states, E = E(C) is a simple monotonously increasing function of the so called concurrence, which is defined as C(ψ) = | ψ |ψ |, where |ψ = σ y ⊗ σ y |ψ * and σ x,y,z denote the Pauli operators, and with the convex roof construction for mixed states [1] . An important concept used here is entanglement of assistance. One of the parties (say 1) assists the other two (2 and 3) in obtaining a particular bipartite entangled state by performing measurements on his particle (after possibly adding auxiliary qubits). Let |ψ = √ p|0 1 |ψ 0 23 + √ 1 − p|1 1 |ψ 1 23 be the Schmidt decomposition of |ψ in the 1|23 splitting [14] . The states, |x i , 23 obtain with probability q i after a measurement in 1 are then given by
where
, where d equals the effective dimension of the subspace in which 1 measures after the (possible) addition of ancillas. Thus, the states, |x i , 2 and 3 can get in this way are given by all ensemble decompositions of ρ 23 , {π j , |φ j }, π j yielding the probability of obtaining outcome j [14] . Hence, the entanglement of assistance, which is defined as the maximum entanglement on average one can generate by this procedure [7] , is then given by E a 23 = max {πj ,|φj } j π j E(φ j ). Let us now introduce the symmetric matrix τ , τ ij = √ p i p j ψ i |ψ j , and the shorthand notation c i = ψ i |ψ i andc = ψ 0 |ψ 1 . Unless stated otherwise we will choose the global phases of |ψ 0 and |ψ 1 such that both c 0 and c 1 are nonnegative. There exist closed formulas for both the concurrence C(ρ 23 ) and the concurrence of assistance C a (ρ 23 ) in terms of the singular values of τ [1, 4] . We use now the notion of assistance to show that any 3-qubit state can be written as an equal superposition of biseparable states which contain the same amount of entanglement [19] . I. e. it can be written up to LUs as
Here, |ψ s = a|00 + b|11 with a ≥ b has Schmidt decomposition and
iξσy,z respectively. Thus, any state is characterized by the five parameters, {E(ψ s ), α, β, γ, β
. To see that any state can be written as in Eq. (2) (up to LUs), we consider a measurement on qubit 1 such that both outcomes are equally likely, i.e. q 1 = q 2 = 1/2 and E(|x 1 ) = E(|x 2 ) (see Eq. (1)) [20] . Since |ψ 0 ⊥|ψ 1 we find that the unitary in Eq. (1) can be taken without loss of generality of the form
Since this equation has a solution for any given value of argc, this proves the statement. The particular form of the unitaries, U 2 , U 3 , is achieved by taking the Euler ZYZ decomposition and using the fact that Z(ξ) ⊗ 1l|ψ s = 1l ⊗ Z(ξ)|ψ s . Notice that the decomposition (2) (i. e. the choice of {E(ψ s ), α, β, γ, β ′ }) can be made unique (see Appendix A).
The decomposition (2) shows that any 3-qubit state can be generated in the following way (see Fig. 1 Let us now briefly discuss a method to generate the state using entanglement. It is a well-known fact that any nonlocal map, E, corresponding to a state |Ψ E via the Choi Jamiolkowski (CJ) isomorphism can be (probabilistically) implemented using a system prepared in the state |Ψ E and local Bell-measurements [3] (see Fig. 1 ). Since the implementation of each control gate, U 12 c and U 13 c , requires four local Bell-measurements, we obtain, depending on the measurement result, one out of the 4 4 different states, {U
i4 |+ 1 |ψ s 23 } where σ 0 = 1l. Due to the symmetry of these states, it can be shown that this set coincides up to LUs to the set S ψ = {U . Each state in this set occurs with equal probability. Note that if the aim was to generate any other state within S ψ , one would again, depending on the measurement outcome, end up with one of the states in S ψ . That is, the set S ψ is closed under this generation process. In the following we derive bipartite entanglement measures, which characterize such a generation process completely. This will finally lead to our main result: the operational characterization of the entanglement contained in 3-qubit states.
In order to characterize this process we need on the one hand E(|ψ s ) and on the other we need to characterize the entanglement properties of 2-qubit controlled unitaries. Recall that any 2-qubit unitary can be written as [16] . Here, the nonlocal part U nl is diagonal in the Bell basis and depends in general on three parameters. Let us consider the control gate U to the input state |+ 1 |ψ s 23 and the direction of the arrow indicates whether system 1 (→) or system 2 (←) is the control qubit. To see that this is indeed the case, we need to verify that {E(|ψ s ), α, β, γ, β ′ } in Eq. (2) can be obtained from the values of {E i }. Since for all the bipartite entanglement measures at least one subsystem belongs to an effective two-dimensional space, they are in one-to-one correspondence with the concurrence, and therefore with the trace of the squared reduced density matrix. Thus, E 3 is characterized by the value of ( 
. Clearly then, E 2 and E 4 determine β uniquely and α + γ modulo π, which has only (at most) four LU inequivalent solutions which are compatible with E 5 : {α, γ}, {γ, α}, {α±π/2, γ ±π/2} and {γ ±π/2, α±π/2}, where the signs in the last two cases are chosen such that the phases are in the desired region. This set of states coincides with S ψ [23] . Hence, a one-to-one correspondence is made between the entanglement measures {E i } and the set of states obtained through our generation process.
Let us now have a closer look at the set
z |+ 1 |ψ s 23 . As discussed in the introduction there is no operational measure to distinguish a state from its complex conjugate, hence it is not surprising to have this degeneracy. On the contrary, one could ask if there is an operational procedure to further distinguish |ψ and |ψ ′ . This extra bit of information can be easily obtained by considering the value of the final entanglement generated in the splitting 1|23, E 1|23 (ψ). It can be seen that
′ (see Appendix C). Thus, define the binary mea-
as E 6 = 0 (E 6 = 1) when E 1|23 takes the minimal (maximal) possible value inside S ψ . The operational measures {E i } 6 i=1 characterize uniquely (up to complex conjugation) the LU classes of 3-qubit states, and, therefore, their entanglement properties.
Despite the fact that E i (ψ) = E i (ψ * ) ∀i, as expected, our approach can, nevertheless, provide also information on this issue: the values the measures {E i } take depend on whether |ψ belongs to the CLU or to the NCLU class. More explicitly, we have that |ψ ∈ CLU iff either
for NCLU states) (see Appendix D). In other words, it takes the same bipartite entanglement resources to generate a state and its complex conjugate, but while for CLU states the isolated qubit is attached to some bipar-tite state whose entanglement is either the maximal or minimal possible, the NCLU states require some intermediate amount of entanglement.
Furthermore, a refined classification of the CLU class can be achieved by considering the value of E 1 . We have the following subclasses of states |ψ with E 1 = E 1 (ψ) (in what follows c ∈ R and φ i ∈ R 2 ) (see Appendix E):
2.
3.
This can be regarded as a classification beyond the stochastic LOCC paradigm [4] since the last three classes correspond to GHZ-type states. This classification is related to the classification of states according to deterministic LOCC operations. It follows from the results of [18] that classes 1, 2 and 3 are closed under these transformations, i. e. deterministic LOCC can only take a state to another state within the same class. Class 4 is composed of those states for which |ψ s in the decomposition given by Eq. (2) is not unique. In fact, for these states E 1 can take any value between E(C 23 ) and E(C a 23 ) (cf. Appendix E). This richness is directly connected to the LOCC properties of this class of states: these are the only ones that might be transformed to other classes [18] (including NCLU states). Note that, due to the symmetry of the states in any class, this classification is invariant under the considered splitting, that is, if e.g. E 1 = E(C 23 ) in splitting 1 | 23, it is so in any other splitting.
In conclusion, we derived a decomposition for 3-qubit pure states, which, as the Schmidt decomposition for bipartite states, can be easily computed. This decomposition leads naturally to a generation process, which is characterized by the bipartite entanglement measures,
together with the binary measure E 6 forms a complete set of operational measures identifying the different LU-equivalence classes (up to complex conjugation). Hence, the nonlocal properties of 3-qubits states have been operationally characterized. Even though the measures are bipartite, it should be stressed that this is by no means an account of entanglement across different bipartite splittings. The maximally entangled state, with E i = 1, ∀i is the GHZstate [24] . We have also analyzed some features of the classification induced by this set of measures and we have shown that the value of E 1 determines whether a state is LU-equivalent to its complex conjugate or not. If this is the case, then four classes can be identified which are related to how the states may transform under deterministic LOCC operations, showing further the physicality of our approach. It is worth remarking that such a connection can already be established from the value of a single measure. It will be interesting to study if the other measures can provide a finer classification of states under these transformations. Although the values of {E i } depend on the chosen initial partition, it is worth remarking that this classification is not (neither of course that of the states with the same entanglement). This reflects the fact that we are dealing with multipartite states and one might choose the partition depending on the particular task one wants to accomplish. Given the operational character of our approach, in the future we will study how to generalize it to more qubits and higher dimensions with the aim to understand the most relevant measures and identify possible new applications of multipartite entangled states. 
c is characterized by just one parameter, e.g. Eimp(U 13 c ).
[23] Note that for E1 = 1, E2 = E4 and, because of our choice of the decomposition (2) E3 = 0 (see Appendix A). As in Appendix A, changing one of the phases by ±π leads to an LU-equivalent state, since
c (α, β)|+ |ψs . Note that changing the sign of α or β correspond to LU-equivalent states. Then, it is easy to see that the only states (up to LU) which are compatible with E2 and E5 are |ψ(α, β) and |ψ(β, α) . These states can be shown to be LU-equivalent using similar methods. Thus, in this case S ψ = {|ψ }.
[24] In fact, as explained before, if E(|ψs ) = 1, we only need to consider two additional measures to identify the state.
APPENDIX Appendix A: Mathematical properties of the 3-qubit state decomposition
In the main text we have proven that any 3-qubit state can be written up to LUs as
where |ψ s = a|00 + b|11 with a ≥ b has Schmidt decomposition and
iξσy,z respectively. Thus, any state is characterized by the five parameters, {E(ψ s ), α, β, γ, β ′ } [8] . In this section we prove that they can be taken such that
and show how the decomposition can be made unique.
We start by proving that E(C 23 ) ≤ E(ψ s ) ≤ E(C a 23 ). As introduced in the main text it is useful to regard Eq. (5) as providing a deterministic assistance protocol in which party 1 by performing some measurement will induce some entanglement between 2 and 3. More precisely, carrying out a Von Neumann measurement on the basis {|0 , |1 } will surely produce 23 to hold a state with entanglement E(ψ s ). The result then follows by taking into account that the concurrence and the concurrence of assistance, which are the extremal values (as measured by the concurrence) that can be obtained by any assistance protocol, can be obtained by some deterministic protocol [1, 2] . It is not clear, however, that the particular protocol corresponding to decomposition (5) allows certain states to attain any of these extremal values but this turns out to be the case (cf. Theorem 1 in Sec. IV below).
To see that {α, β, γ, β ′ } can be taken to lie in the regions stated above, first notice that it suffices to consider the first and fourth quadrant since rotations around π correspond to the LU σ 1 z . The rest follows by noticing that the following transformations on {α, β, γ, β ′ } correspond to LUs: {α, −β, γ, −β ′ } (multiplying by 1l⊗σ z ⊗σ z ), {α±π/2, −β, γ ±π/2,
. Notice that this implies that the transformation to {γ, β, α, β ′ } (as well as {−α, β, −γ, β ′ }) corresponds to complex conjugation, which is used in the main text.
The question of uniqueness of the decomposition (5) is not crucial for our purposes as one can always define a particular choice of |ψ s , U 2 and U 3 to make our measures {E i } well defined. As we have shown in the main text this is enough to characterize operationally the classes of 3-qubit states with the same entanglement. Nevertheless, let us discuss this issue here for the sake of clarity and completeness. First, one may wonder if the choice of |ψ s is unique (i. e. whether there is one single value such that E(|x 0 ) = E(|x 1 )). This can be easily verified in almost all cases as one can read from Eq. (3) in the main text that ω is uniquely defined (up to the irrelevant addition of nπ with n ∈ Z) except when i) c 0 = c 1 = 0, ii) pc 0 = (1 − p)c 1 = 0 and argc = π/2 and iii)c = 0 in which it can take any value. Nevertheless, in case i) |ψ s is also unique since C(|x 0,1 ) does not depend on ω (in what follows in this case we will choose initially ω = 0 so that the the unitaries U 2 and U 3 can be made unique). On the other hand, in cases ii) and iii) C(|x 0,1 ) changes with ω and, hence, different choices for |ψ s are possible (which would lead to different values for our measures as E 1 = E(ψ s )). This is, for instance, the case of class 4 inside the CLU class and, hence, it seems that there could be some physical meaning behind this fact. Nevertheless, the choice of |ψ s can be fixed by taking the one for which E(ψ s ) is maximal. Once the uniqueness of |ψ s has been settled one could ask whether then U 2 and U 3 are unique (with the constraint that they must be respectively of the ZYZ and the Y form). In other words, whether there exist LUs {V i } such that
It can be seen that this is possible iff V 1 ∈ {σ i } 4 i=0 up to a global phase [9] . Hence, V 2 and V 3 must be such that either V 2 ⊗ V 3 |ψ s 23 = |ψ s 23 and
(up to some possible change of signs). Then, if |ψ s is not the maximally entangled state, since Z(ξ) ⊗ Z(−ξ) for any ξ is the most general LU operation that leaves |ψ s invariant, it follows that the above considered transformations on {α, β, γ, β ′ } are the only ones that can occur. Hence, taking into account that the parameters are fixed to α, γ ∈ (−π/2, π/2] and β, β ′ ∈ [0, π/2] and imposing, for instance, |α| ≥ |γ| the decomposition is made unique. Notice, however that this is irrelevant as our measures {E i } are invariant under these transformations. On the other hand, if |ψ s is a maximally entangled state, then operations of the form U ⊗U * for any unitary U are in this case the most general LU transformations that leave |ψ s invariant. Then, in this case in order to make the decomposition unique and our measures {E i } uniquely defined we take without loss of generality U 2 = Z(α)Y (β) and U 3 = 1l.
Appendix B: Implementation of the controlled unitary operations to generate S ψ
As explained in the main text, to apply the non-local gate U 12 c = |0 1 0| ⊗ 1l 2 + |1 1 1| ⊗ U 2 on some state |φ 12 , 1 and 2 share in addition to their system qubits the CJ- Fig. 1 in the main text) . Depending on the measurement outcome they obtain one of the four states U . We have
for some m and n ∈ {0, . . . , 3}. The reason for this is that commuting the Pauli operations with U 1i c will at most change the sign of both, α and γ, and/or of β and/or of β ′ . More precisely, the second line follows from the fact that σ n |+ 1 |ψ s 23 equals |ψ for n = 0, |ψ ′ * for n = 1, |ψ * for n = 2, and |ψ ′ for n = z, this set coincides with the set S ψ .
Note that S ψ contains at most four LU-inequivalent states, since under certain conditions some of these states are LU-equivalent (see main text). It can be easily verified that the four possibilities are obtained with equal probability as for the implementation of U 12 c We show here in detail that the binary measure E 6 allows us to distinguish the two states |ψ and |ψ ′ , if they are not LU-equivalent. Recall that E 6 (|Φ ) is defined as follows: E 6 (|Φ ) = 0 if E 1|23 (|Φ ) = min |Φi ∈S ψ E 1|23 (|Φ i ) and E 6 (|Φ ) = 1 otherwise. Since E 1|23 (|Φ ) = E 1|23 (|Φ * ), for any state |Φ , the set {E 1|23 (|Φ i ), |Φ i ∈ S ψ } contains at most two values. Using the same reasoning as in the main text, E 1|23 is uniquely given by the value of
Recall that if |ψ corresponds to the parameters (E(|ψ s ), α, β, γ, β ′ ) (see Eq. (2) in the main text), then |ψ ′ corresponds to the parameters (E(|ψ s ), α, −β, γ, β ′ ). Thus, the first two terms in Eq. (9) take the same value for both |ψ and |ψ ′ , while the last one differs in sign. Hence, E 1|23 takes different values for these states and therefore E 6 distinguishes them, unless the last term in Eq. (9) is zero. We show in the following that this is the case iff |ψ and |ψ ′ are LU-equivalent. If β, β ′ = 0, π/2 |ψ and |ψ ′ are clearly LU-equivalent. If α + γ = π/2 or α − γ = π/2 they are LU-equivalent, as can be seen by using that Y (β)Z(π/2) = Z(π/2)Y (−β) together with the LU-equivalences of {α, β, γ, β ′ } given in Sec. I. It remains to consider the case a = 0 or b = 0. Then, |ψ is LU-equivalent to
, which is obviously LU-equivalent to |ψ ′ , since
Appendix D: Characterization of CLU and NCLU classes
The aim of this section is to prove the characterization of the CLU class. We will first derive a mathematical characterization (see Lemma 1 below), which will then be used to classify CLU states according to the value the measure E 1 takes (Theorem 1 below).
As in the main text we consider without loss of generality the following decomposition of |ψ :
where |ψ 0 = a 1 |00 + a 4 |11 , with a 1 , a 4 ∈ R and |ψ 1 =
Moreover the following conditions are satisfied:
Note that such a decomposition is always possible since a local phase gate, diag(e iα0/2 , e iα1/2 ) on the first qubit changes c 0 (c 1 ) to c 0 e iα0 (c 1 e iα1 ) respectively. Given this decompositionc = −a 1 b 4 − a 4 b 1 . We are going to show now thatc is real or purely imaginary iff |ψ is CLU.
Lemma 1 For a state |ψ there exists a decomposition as in Eq. (10) withc ∈ R orc ∈ iR iff |ψ is CLU.
Proof. First, notice that it suffices to prove that the state is CLU iff there exists a decomposition with c 0 , c 1 ,c ∈ R. This is because the latter condition holds iff there exists a decomposition with c 0 , c 1 ≥ 0 andc ∈ R, iR as a local phase transformation c k → c k e iπ (k = 0 or k = 1) inducesc →ce iπ/2 . Also, we note that the condition that 0 = ψ 0 |ψ 1 = a 1 b 1 + a 4 b 4 implies that the phase of b 1 equals the one of b 4 (unless c 0 = 0, which will be studied separately). We write b 1 = b 
We will show again that there exists local unitaries that transform |ψ into a state with real coefficients. Let X = b 1 |0 0| + b 2 |0 1| + b 3 |1 0| − b 1 |1 1| and let X = U ΣV † be its singular value decomposition. This means that the local unitaries U † and V T transform |ψ 1 into its Schmidt form, i. e.
Notice that the fact that TrX = 0 implies that Tr(ΣV † U ) = 0 and, hence, 
Using that the local unitary transformation Z(α) ⊗ Z(−α) for any α leaves any state in the Schmidt form invariant and that
Taking into account the above conditions on W , we have that Z(α)W * Z(−α) is a real matrix if α is chosen such that α = ξ/2. Therefore, the local unitary diag(e iφ , 1) ⊗ Z(−ξ/2)U † ⊗ Z(ξ/2)V T transforms |ψ into a state with real coefficients as we wanted to show.
It remains to consider the case c 0 = 0. We choose without loss of generality a 4 = 0. Then, condition (C1) implies that b 1 = 0 and thereforec = −b 4 , which is real iff b 4 is. Condition C2 implies that b 2 b 3 is real. In this case the local unitary 1l ⊗ Z(−χ/2) ⊗ Z(χ/2) for some proper choice of χ transforms |ψ into a state with real coefficients, which completes the proof of the "only if" part.
Let us now show the implication in the opposite direction. If |ψ is CLU, it has been shown in [5] that, then, there exists a product basis in which the state has real coefficients, i. e. |ψ ≃ LU ijk λ ijk |ijk with λ ijk ∈ R ∀ i, j, k. Thus, the singular value decomposition of the (real) matrix X = ijk λ ijk |i jk| is real and, therefore, so is the Schmidt decomposition of the state in the splitting 1|23. Hence, c 0 , c 1 andc can be chosen to be real.
We are now in the position to prove that the CLU class can be characterized via the values the entanglement measure E 1 = E(|ψ s ) takes. Let us recall here the decomposition [Eq. (2) in the main text] we have proven in the main text, as we will be using it throughout this Supplemental Material. Any 3-qubit state can be written up to LUs as
where |ψ s has Schmidt decomposition,
Theorem 1 |ψ ∈ CLU iff there exists a decomposition of the form (12) such that either
Proof. First, it should be noticed that, since C(ρ 23 ) = s 1 − s 2 [1] and C a (ρ 23 ) = s 1 + s 2 [4] where {s i } are the singular values of τ (arranged as usual in non-increasing order), it can be easily seen that C 23 = C − and C a 23 = C + with
On the other hand, we have that (14) with ω given by Eq. (3) in the main text. From this, it is then clear that ifc ∈ R orc ∈ iR, then either C(ψ s ) = C + or C(ψ s ) = C − , which together with Lemma 1 proves the only if part of the theorem. To see that the implication in the opposite direction holds as well, we have to prove that argc = nπ, nπ/2 are the only solutions to C(ψ s ) = C ± under the constraint (3) of the main text. This constraint can be rewritten as
where we use the notation x = (pc 0 +(1−p)c 1 )/(pc 0 −(1− p)c 1 ). Using this and writing y = cos(2 argc), C(ψ s ) = C ± boils down to
After squaring this last expression, our problem reduces to identifying the zeros of a third order polynomial p(y).
More precisely, we know two zeros y 1 = −1 and y 2 = 1 (which correspond to argc = nπ, nπ/2) and we have to check that the third one y 3 fulfills y 3 / ∈ (−1, 1), so that y 3 = cos(2 argc) cannot be inverted and, hence, there are not more solutions to C(ψ s ) = C ± . Indeed, using that |p(0)| = |γy 1 y 2 y 3 | where γ is the leading coefficient of p, we see that
Now, since we take c 0 , c 1 ≥ 0 (which also implies that x ≥ 1), it is easily seen that |y 3 | ≥ 1, which completes the proof.
Appendix E: Characterization of the 4 subclasses inside the CLU class
In this section we will prove the characterization of the four subclasses in which the CLU class can be divided according to the particular value of E 1 (which by Theorem 1 above can be either E(C 23 ) or E(C a 23 )). The fact that class 1 (E 1 = E(C 23 ) = E(C a 23 )) corresponds to the W class can be easily seen as follows. It can be shown that (C a 23 ) 2 = C 2 23 + τ 123 (see e. g. [6] ), where τ 123 is the tangle. Since the W class is characterized by a vanishing tangle, the result follows straightforwardly.
The identification of the other three classes will require more work. As Lemma 2 below shows, the sign of det τ will play a crucial role in this task. We recall that the matrix τ associated with a state |ψ is a function of its reduced state ρ 23 . It is given by τ ij = √ p i p j ψ i |ψ j , where {p i } are the eigenvalues of ρ 23 and {|ψ i } the corresponding eigenstates. Therefore, it is symmetric. Since det τ = 0 iff the tangle τ 123 = 0 (as follows from [7] ), which corresponds to class 1, we assume in the following that det τ = 0. First note, that by redefining the sign of c i ∈ R we can always obtain a decomposition with c ∈ R (recall that we are dealing with the CLU class and, hence, Lemma 1 applies). Thus, τ ∈ R 2×2 in what follows unless otherwise stated.
Before relating the sign of det τ to our classes, we need to discuss when this property is well defined. This is because it could in principle happen that two LU equivalent states lead to different signs for det τ . We now prove that this is indeed the case iff there is a choice of eigenstates |ψ 0 and |ψ 1 such thatc = 0. First, if the latter condition holds, then it is clear that under a different choice of global phase for |ψ 0 , |ψ 0 → i|ψ 0 , τ remains real and the sign of its determinant is flipped. To prove the implication in the other direction we have to consider how τ transforms under the LU transfor-
and that W σ y W T = det(W )σ y for any matrix W , we find that τ transforms tõ
Now, we have to distinguish the following two cases. i) p = 1/2 and, hence, the eigenspace of ρ 23 is nondegenerate and the Schmidt form unique. Then, W 1 can only take the form W 1 = diag(e iα1 , e iα2 ) to preserve the orthogonality of |ψ 0 and |ψ 1 . In this case detτ = − det τ iff det(W 2 ) det(W 3 )e i(α1+α2) = ±i. However, notice that for the off-diagonal entry we have that τ 12 = det(W 2 ) det(W 3 )e i(α1+α2) τ 12 and, hence, the fact that both τ andτ should be real implies thatc = 0 has to hold. ii) p = 1/2. Then, the eigenspace of ρ 23 is degenerate and the Schmidt form not unique (as |ψ 0 and |ψ 1 can be chosen to be any orthonormal basis of the eigenspace). Thus, W 1 might be an arbitrary unitary matrix. We show now that in this case there always exist LUs W 1 ⊗ W 2 ⊗ W 3 such that the sign of det τ can be changed and such thatc = 0. Let V denote the real orthogonal matrix that diagonalizes τ and let us choose (18) . The matrix W 1 defined in this way is such that det W 1 = ±i (thus detτ = − det τ ) and with this choiceτ is real and, furthermore, diagonal. Hence, there exists a choice for whichc = 0. This ends the proof. Therefore, special care must be taken with those states that allow forc = 0. This is not surprising, as we have seen in Sec. I that these are the only ones for which the choice of |ψ s in Eq. (12) is in principle not unique. Let us now show how the sign of det τ is related to the different classes.
Lemma 2 There exists a decomposition of the form (12) such that E 1 = E(C 23 ) iff det τ ≥ 0 and such that
Proof. Since τ ∈ R 2×2 , the unitary in Eq. (1) in the main text that allows for the transformation to the decomposition (12) can be taken to be U = 1 i 1 −i / √ 2. We will also use that | det τ | = τ 123 /4, which follows from the results of [7] . With this in mind,
where C 1 is such that E 1 = E(C 1 ). On the other hand, since τ is symmetric (and now real), it is Hermitian and, hence, the absolute value of its eigenvalues equal the singular values. Therefore, either
23 + τ 123 has to hold in Eq. (19), the result follows. (This can also be seen by comparing Eqs. (13) and (14)).
To identify the sign of det τ we will make intensive use of the standard form (up to LUs) for 3-qubit states presented in [5] , 
Grassl's invariant, which discriminates |ψ and |ψ * for states in the NCLU class, is given by
it holds that φ = 0, π, we will always deal with real expressions in this case. 
Thus, τ is then already real and det τ r = −J 4 ≤ 0 as we wanted to show. Notice that here one should exclude λ 2 0 = 1/2, as this would imply using Eqs. (21) that Eq. (24) would hold as well. This is not surprising since this corresponds to p = 1/2 for which we have seen that the sign of det τ r can be changed by LU transformations. We will see shortly that the λ 1 = 0 case is the only possibility in which p = 1/2 may hold.
We now consider the case when λ 1 = 0. To compute the Schmidt form, we need to find the singular value decomposition X = U ΣV † of
U providing the Schmidt basis for qubit 1, the singular values σ ± providing the Schmidt coefficients (i. e. σ + = p, σ − = 1 − p) and the first two columns of V providing the Schmidt basis for qubits 2 and 3 (i. e. v 1 = |ψ 0 and v 2 = |ψ 1 ). After some algebra one finds that
where k ± are just normalization factors to make the columns of U of unit norm (i. e. k 
and, moreover, 
As discussed above, then for the states for which Eq. (23) is true it holds that k Let us now consider the case for which Eq. (23) does not hold (i. e. φ = 0, π) but for which Eq. (24) does [11] . Hence, we need to prove that det τ r ≥ 0. Notice that λ 1 = 0 implies that Eq. (23) is true. Therefore, we just need to consider the λ 1 = 0 case which, as above, leads us to Eq. (34). However, as discussed before, to construct τ r for this subclass, a specific transformation of the form (27) must be performed. That is, we choose the global phase of |ψ 0 (α/2) and the global phase of |ψ 1 (β/2) such that τ gets real. Since under such a transformation det τ changes to det τ e i(α+β) , we get a real expression in (34) iff either α + β = −2φ (which would lead to det τ ≤ 0) or α + β = π − 2φ (which would lead to det τ ≥ 0). Moreover,ce i(α+β)/2 must be real, i.e.c 2 e i(α+β) ≥ 0 must hold. In other words, the sign of c 2 e −2iφ will tell us whether α and β have to be chosen such that α+β = −2φ or α+β = π −2φ. In the following we prove that for any choice of the phases α, β which lead to τ ∈ R 2×2 , it holds thatc 2 e −2iφ ≤ 0. This means that α+β = π−2φ is the proper choice to obtain τ r . Hence, for the CLU states such that φ = 0, π (i. e. those satisfying Eq. (24)), it holds that det τ r ≥ 0 and therefore these states belong to class 3. To see thatc 2 e −2iφ ≤ 0, notice that the transformation (27) must fulfill both c 0 c 1 ∈ R andc 2 ∈ R [12] . Equation (32) implies that for the states for which this is possible Ae −2iφ ∈ R must hold. This means that these states are such that 
or, simply [13] cos φ = − λ 4 (1 − 2λ 2 0 − 2λ
(37) in order to preserve the probabilities and the amount of entanglement for the new outcomes, V1 must be either diagonal or off-diagonal (save in the case i) above for which this is fixed by imposing ω = 0). Then, it can be seen that in both cases the non-vanishing entries must have either the same or opposite phase so that U ′ 2 and U ′ 3 have unit determinant (i. e. they can have the Euler ZYZ decomposition).
[10] Here we ignore the W class which fulfills both Eqs. (23) and (24) which, as shown above, is characterized by det τ = 0. [11] Notice that it suffices to assume that Eq. (23) does not hold since, given that we are considering CLU states, this automatically implies that Eq. (24) must be fulfilled. [12] Notice that c0c1 ∈ R already implies that both c0 and c1
can be taken to be real. This is because this means that c0 = c r 0 e iϕ and c1 = c 
